By using the gauge-invariant kinetic equation, we analytically investigate the influence of the scattering on the optical properties of superconductors in the normal-skin-effect region. Both linear and second-order responses are studied under a multi-cycle terahertz pulse. In the linear regime, we reveal that the optical absorption σ1s(ω), which origins from the scattering, exhibits a crossover point at ω = 2|∆|. Particularly, it is further shown that when ω < 2|∆|, σ1s(ω) from the scattering always exhibits a finite value even at low temperature, in contrast to the vanishing σ1s(ω) in the anomalous-skin-effect region as the Mattis-Bardeen theory revealed. In the second-order regime, responses of the Higgs mode during and after the optical pulse are studied. During the pulse, we show that the scattering causes a phase shift in the second-order response of the Higgs mode. Particularly, this phase shift exhibits a significant π-jump at ω = |∆|, which provides a very clear feature for the experimental detection. After the pulse, by studying the damping of the Higgs-mode excitation, we reveal a relaxation mechanism from the elastic scattering, which shows a monotonic enhancement with the increase of the impurity density.
I. INTRODUCTION
In the past few decades, the optical properties of the superconducting states have attracted much attention in both linear and nonlinear regimes. The linear response is focused on the behavior of the optical conductivity [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , which was first discussed by Mattis and Bardeen (MB) within the framework of the Kubo current-current correlation approach in the anomalous-skin-effect region 21, 22 . In this region, the excited current at one space point, depends not only on the electric field at that point but also on the ones nearby. This non-local effect dominates in systems with a small skin depth δ in comparison with the mean free path l, as usually the case in thin-film superconductors or clean type-I superconductors, whereas the scattering effect in this circumstance is marginal. The MB theory suggests that the optical absorption at zero temperature is realized by breaking the Cooper pairs into quasiparticles when the optical frequency ω is larger than twice the superconducting gap amplitude |∆| 21 . Thus, the real part of the optical conductivity σ 1s (ω) vanishes at T = 0 K when ω < 2|∆| but becomes finite above 2|∆|, leading to a crossover point at 2|∆|. At finite temperature, an additional quasiparticle contribution appears below 2|∆|. This theory so far has successfully described the observed data in the anomalous-skin-effect region, as experiments in In 1 , Pb 2,6,7 , Al 8 , thin-film Nb 5 and NbN 3,4,9 superconductors demonstrated.
The counterpart of the anomalous-skin-effect region is known as the normal-skin-effect one 9, 23 (l < δ) where the relatively dirty type-II superconductors lie in and the scattering effect becomes important. The optical absorption in the normal-skin-effect region, as experiments in dirty Nb 17, 20 superconductors, always exhibits a finite σ 1s (ω) even at low temperature for ω < 2|∆|, in contrast to the vanishing σ 1s (ω) in the anomalous-skin-effect region. Moreover, with the decrease of ω in terahertz (THz) regime from ω ≫ 2|∆|, the observed σ 1s (ω) first decreases at ω > 2|∆| and then shows an upturn below 2|∆|, leading to a crossover point at 2|∆|. Although the experimental observations are very convincing, theories in the normal-skin-effect region where the scattering effect dominates, are still in progress. The difficulty within the Kubo formalism comes from the inevitable calculation of the vertex correction due to the scattering, which becomes hard to tackle in superconductors 23, 24 . Whereas the Eilenberger equation is restricted by the normalization condition [25] [26] [27] [28] , and is also hard to handle for calculation of the scattering. So far, to fit the experimental data, the MB theory derived from the anomalous region is excessively used 9, 11, [13] [14] [15] [16] [17] [18] [19] [20] . Nevertheless, such an unphysical fit underestimates σ 1s (ω) below 2|∆| particularly at low temperature where the quasiparticle contribution from MB theory is too small to count for finite experimental result 9, 11, [13] [14] [15] [16] [17] [18] [19] [20] . To explain the residual σ 1s (ω), several works 16, 17, 20 considered the influences of the collective gapful Higgs [29] [30] [31] [32] [33] and gapless Nambu-Goldstone [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] (NG) modes which describe the amplitude and phase fluctuations of the order parameter respectively. However, the Higgs mode is charge neutral and does not manifest itself in the linear regime 29, 32, 33 . The linear response of the NG mode does not occur either due to its coupling with the long-range Coulomb interaction 29, 32, 34, 35, 38, 39, 43 which causes the original gapless energy lifted up to the plasma frequency as a result of Anderson-Higgs mechanism 46 . Therefore, a detailed study capable of clarifying the scattering effect is necessary.
As for the non-linear regime, it was recently realized that through the intense THz pulse, one can excite the oscillation of the superfluid density in the second-order response, which is attributed to the excitation of the Higgs mode [47] [48] [49] [50] [51] [52] [53] . The most convincing evidence comes from the observed resonance at 2ω = 2|∆| [48] [49] [50] , in consistency with the energy spectrum of the Higgs mode 29, 31, 32 . After the THz pulse, a fast damping of this oscillation is observed, and then, a suppressed gap is further observed as a consequence of the thermal effect [47] [48] [49] . Theory in the literature for these findings is based on Bloch [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] or Liouville [60] [61] [62] [63] equation derived in the Anderson pseudospin picture 64 . The vector potential A naturally involves in this description as a second-order term, which pumps up the fluctuation of the order parameter (pump effect). Nevertheless, the microscopic scattering is absent in the literature. In order to describe the observed damping after the optical pulse, the phenomenological relaxation time is further introduced into the Anderson pseudospin picture 52, 53 . Very recently, this whole set of approach is challenged. On one hand, this approach with no drive effect fails in the linear regime to give the optical current. On the other hand, symmetry analysis from the Anderson pseudospin picture implies that the pump effect excites the NG mode rather than the observed Higgs mode 65 . Besides these deficiencies, without the microscopic origin, the introduced phenomenological relaxation mechanism is not exact and convincing.
Very recently, by using the equal-time non-equilibrium τ 0 -Green function, the gauge-invariant kinetic equation (GIKE) of superconductivity with the microscopic scattering is developed in our previous papers [66] [67] [68] [69] [70] . We have proved that the retained gauge invariance in this theory directly leads to the charge conservation in the electromagnetic response 70 , in consistency with Nambu's conclusion that the gauge invariance in superconductors is equivalent to the charge conservation 34 . In fact, neither the Bloch 49-59 nor Liouville 60-63 equation mentioned above are gauge invariant under the gauge transformation in superconductors 34 . In contrast, in the GIKE, thanks to the gauge invariance, both pump and drive effects mentioned above are kept [66] [67] [68] [69] [70] . Moreover, both superfluid and normal-fluid dynamics are involved in the GIKE 69, 70 , beyond the previous Boltzmann equation of superconductors with only the quasiparticle physics retained [71] [72] [73] .
Consequently, the well-known clean-limit results such as the Ginzburg-Landau equation and Meissner supercurrent in the magnetic response as well as the optical current captured by the two-fluid model can be directly derived from the GIKE 69 . Particularly, we show that the normal fluid is present only when the excited superconducting velocity v s is larger than a threshold 69 . Moreover, the linear responses of the collective modes from the GIKE also agree with the well-known results in the literature 70 . Whereas the second-order response from the GIKE exhibits interesting physics. On one hand, a finite second-order response of the Higgs mode, attributed solely to the drive effect rather than the widely considered pump effect, is revealed 70 , in contrast to the above theory from Anderson pseudospin picture [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] . On the other hand, a finite second-order response of the NG mode, survived from the Anderson-Higgs mechanism, is predicted as a consequence of charge conservation. An experimental scheme for this response is further proposed 70 . Actually, thanks to the equal-time scheme, the microscopic scattering in superconductors, which is hard to deal with in the literature as mentioned above, becomes easy to handle within the GIKE approach. Thus, rich physics from the scattering can be expected. Particularly, at low frequency (i.e., large v s ), we have analytically shown that due to the scattering, there exists viscous superfluid besides the non-viscous one 69 . Then, together with the normal fluid, a threefluid model is proposed 69 . In this work, by extending the previous scattering terms in Ref. 69 into the THz regime via carefully implementing the Markovian approximation, we further apply the GIKE to investigate the influence of the scattering on the optical properties of superconductors in the normal-skin-effect region (l < δ). Both linear and second-order responses are analytically studied under a multi-cycle THz pulse. In the linear regime, we analytically show that at a relatively weak scattering (i.e., ξ < l with ξ being the coherence length 24 ), the optical absorption σ 1s (ω) during the pulse, which origins from the scattering, always exhibits a finite value even at low temperature when ω < 2|∆|, in contrast to the vanishing σ 1s (ω) in the anomalous-skin-effect region as MB theory revealed 21 . Moreover, with the decrease of the optical frequency from ω ≫ 2|∆|, σ 1s (ω) first increases and then drops abruptly around 2|∆|. By further decreasing ω below 2|∆|, an upturn of σ 1s (ω) is observed, leading to a crossover point at 2|∆|. In the second-order regime, responses of the Higgs mode during and after the optical pulse are revealed. During the pulse, it is found that the scattering causes a phase shift in the optical response of the Higgs mode. Particularly, this phase shift exhibits a significant π-jump at ω = |∆|, which provides a very clear feature for the experimental detection. After the pulse, the damping of the Higgs-mode excitation is studied. In this situation, we reveal a relaxation mechanism due to the elastic scattering, which shows a monotonic enhancement with the increase of the impurity density. This paper is organized as follows. We first present the GIKE of superconductivity in Sec. II. Then, we perform the analytic analysis of the influence from the scattering on the optical properties of superconductors in Sec. III. We summarize in Sec. IV.
II. MODEL
In this section, we first introduce the complete GIKE. Then, we present a simplified GIKE to study the optical response of superconductors in the normal-skin-effect region. The microscopic scattering terms of the non-′ k here and hereafter represents the summation restricted in the spherical shell (|ξ k | < ω D ) with ω D being the Debye frequency 74 . The effective electric field E in Eq. (1), as a gaugeinvariant measurable quantity, is given by
The gauge-invariant density n and current j read 69 :
We emphasize that Eq. (1) is gauge-invariant under the gauge transformation first revealed by Nambu 34 :
where the four vectors are A µ = (φ, A) and ∂ µ = (∂ t , −∇ R ); θ denote the phase of the superconducting order parameter. Thanks to the retained gauge invariance, the charge conservation:
is naturally satisfied during the electromagnetic response as we proved in our latest work 70 . This agrees with the Nambu's conclusion via the Ward's identity that the gauge invariance in the superconducting states is equivalent to the charge conservation 34 . Moreover, due to the gauge invariance, both the pump [third term in Eq. (1)] and drive [sixth and seventh terms in Eq. (1)] effects mentioned in the introduction are kept.
B. Simplified GIKE in normal-skin-effect region
In this part, we present a simplified GIKE in the normal-skin-effect region. We first choose a specific gauge by transforming Eq. (1) under the gauge transformation
Then, under a spatially uniform (i.e., long-wave-limit) optical field in the normal-skin-effect region, the spatial gradient terms in the kinetic equation can be neglected. Consequently, Eq. (1) becomes:
with the gauge-invariant superconducting momentum p s and effective field µ eff written as
Moreover, by expanding the density matrix as ρ k = 4 i=0 ρ ki τ i , the gap equations [Eqs. (2) and (3)] correspondingly read:
As shown in our latest work 70 , Eq. (15) gives the gap equation, from which one can self-consistently obtain the Higgs mode. The NG mode can be self-consistently determined by Eq. (16) . Moreover, under the transverse and uniform optical response, one finds that ∇ R · j = 0. Therefore, as a consequence of the charge conservation [Eq. (11) ], the density fluctuation δn and hence both the Hartree µ H and Fock µ F fields vanish.
C. Microscopic Scattering
We next present the scattering terms ∂ t ρ k | sc in Eq. (12) which are derived based on the generalized Kadanoff-Baym ansatz [75] [76] [77] [78] . Considering the fact that the electron-phonon scattering is weak at low temperature, we mainly consider the electron-impurity scattering. The specific impurity scattering terms read (detailed derivation can be found in Refs. [76] [77] [78] :
with
Here, ρ
denotes the BCS Hamiltonian in the presence of the superconducting velocity v s ; n i is the impurity density; U kk ′ = V k−k ′ τ 3 stands for the electron-impurity interaction in the Nambu space. This scattering term [Eq. (17)] is non-Markovian.
It is well established in semiconductor optics 76 and spintronics 77 that the clean-limit solution of the corresponding kinetic (i.e., Liouville) equation:
is substituted into the scattering terms as the Markovian approximation to obtain the conventional energy conservation in the scattering. In our previous works 66-69 , we also take such approach in Eq. (18) to derive the scattering in superconductors. In the present work, this approach is sublated in the presence of the multi-cycle THz optical field, since the free coherent oscillation in this circumstance does not hold, i.e., Eq. (19) is no longer the clean-limit solution of the GIKE in superconductors [Eq. (12) ]. In fact, as shown in the next section, during the multi-cycle THz pulse, the response of the density matrix is forced to oscillate with the multiples of the optical frequency.
III. ANALYTIC ANALYSIS
In this section, by solving the simplified GIKE [Eq. (12) ] in the normal-skin-effect region, we analytically investigate the scattering effect in the optical response of superconductors under a multi-cycle THz pulse. In this circumstance, analytic analyses for two extreme cases: during and after the pulse, are performed to carefully handle the Markovian approximation in order to turn the non-Markovian scattering in Eq. (17) into the Markovian one. The multi-cycle THz pulse, as applied in recent experiments 53 , possesses a stable phase as well as a narrow frequency bandwidth. Consequently, during the optical pulse, the system is under a periodic drive scheme at a well-defined frequency, similar to the case under a continuous waveform field. In this situation, as an approximation, the response of the superconductivity is forced to oscillate with the multiples of the optical frequency. Whereas after the optical pulse, the system is free from the optical field, and the study in this situation reveals the relaxation mechanism of the optically excited non-equilibrium states.
A. Forced oscillation
During the multi-cycle THz pulse, by assuming the electromagnetic potential φ = φ 0 (R)e iωt and A = A 0 e iωt , the density matrix ρ k reads:
with the equilibrium-state density matrix ρ 0 k given by 66, 69, 70 
denotes the linear (second-order) response of the density matrix;
Correspondingly, the responses of the phase θ and amplitude |∆| of the superconducting order parameter are written as
From Eqs. (15) and (21), the equilibrium-state order parameter ∆ 0 is determined by
which is exactly the gap equation in the BCS theory 74 . Moreover, as shown in our latest work 70 , the Higgs mode dose not manifest itself in the linear regime (δ|∆| ω = 0). The linear response of the NG mode from the GIKE 70 , due to its coupling to the long-range Coulomb interaction, does not effectively occur either (i.e., µ 46 , in agreement with the previous works in the literature 29, 32, 34, 35, 38, 39, 43 . Furthermore, it is noted that in the presence of the multi-cycle THz pulse, the response of the density matrix [Eq. (20) ], as the solution of the kinetic equation, is forced to oscillate with the multiples of the optical frequency, rather than the free coherent oscillation mentioned above. Then, substituting this forced oscillation [Eq. (20) ] into the scattering term [Eq. (17)], the n-th order of the scattering during the optical pulse can be obtained (refer to Appendix A):
Here, η = ±;
being the unitary transformation matrix from the particle space to the quasiparticle one.
Consequently, due to the forced oscillation of the density matrix in the influence of the multi-cycle THz pulse, the optical frequency is involved in the energy conservation of the scattering as seen from Eq. (25) . Particularly, it is noted that at low frequency ω≪∆ 0 , the scattering term in Eq. (25) recovers the one in our previous work where we propose the three-fluid model as mentioned in the introduction 69 . In the present work for the optical properties, we focus on the THz regime where ω∼∆ 0 . Moreover, considering a weak and fast-oscillating optical field, the tilt in quasiparticle energy (i.e., the superconducting velocity v s ), which is related to the electromagnetic field 69 , can be neglected (i.e., E ± k = ±E k ).
Linear response: optical conductivity
We first investigate the optical conductivity in the linear regime. The linear order of the GIKE [Eq. (12) ] reads:
From above equation, it is noted that only the τ 0 component of ρ ω k is optically excited:
and the other components of ρ ω k are zero, in consistency with the above mentioned vanishing δ|∆| ω [Eq. (15)] and µ
] is the clean-limit solution, exactly same as the one in our previous works 69, 70 . The second term on the right-hand side of Eq. (29) comes from the scattering.
The exact solution of ρ ω k0 from Eq. (29) is difficult in the presence of the scattering. Nevertheless, at the relatively weak scattering (ξ < l), after the first-order iteration by substituting ρ 
(31) Then, substituting the solved ρ ω k0 into Eq. (8), the optical conductivity in the superconducting states σ s (ω) = σ 1s (ω) + iσ 2s (ω) is obtained (refer to Appendix B):
where θ(x) is the step function; σ1n(ω) = 
D is the density of states. It is noted that the first term in σ 2s (ω) recovers the clean-limit one in the superfluid as revealed in our previous work 69 . Firstly, we point out that the obtained optical conductivity from the GIKE [Eqs. (32) and (33) imω in the normal states at T > T c with ∆ 0 = 0 (refer to Appendix C), exactly recovering the one in normal metals as the Drude model or conventional Boltzmann equation revealed. To the best of our knowledge, so far there is no theory of the optical conductivity in the literature that can rigorously recover the conductivity in normal metals from T < T c to T > T c , due to the difficulty in calculating the vertex correction in superconductors 23, 24, 79 . Therefore, the GIKE actually provides an efficient approach to deal with the scattering.
We then discuss the frequency dependence of the optical absorption σ 1s (ω) in the superconducting states, which is plotted in Fig. 1 . As seen from the figure, σ 1s (ω) in the normal-skin-effect region shows a significant crossover at ω = 2∆ 0 (T ), which comes from the step function in Eq. (32), similar to the MB theory in the anomalous-skin-effect region. Secondly, at (32), one finds that σ 1s (ω), shown by the solid curve in Fig. 1 , always exhibits a finite value even when ω < 2∆ 0 , in sharp contrast to the vanishing σ 1s (ω) in the anomalous-skin-effect region as MB theory revealed. Moreover, as shown in Fig. 1 , with the decrease of ω from ω ≫ 2∆ 0 , σ 1s (ω) first increases and then drops abruptly around 2∆ 0 . By further decreasing ω below 2∆ 0 , due to the fast increase of σ 1n (ω) in Eq. (32), a significant upturn of σ 1s (ω), exhibiting ω −2 growth, is observed, in qualitative agreement with the experimental findings [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Although the upturn of the finite σ 1s (ω) below 2∆ 0 and the crossover point at ω = 2∆ 0 (T ) in σ 1s (ω) have been observed in disordered type II superconductors as mentioned in the introduction, the experiments so far lies in the dirty limit (l < ξ) where Eq. (32) is inadequate to make the quantitative fit. Thus, further experiments in type II superconductors at the relatively weak scattering (δ > l > ξ) are called for. Whereas to quantitatively explain the experimental data in the dirty limit, an exact solution of Eq. (29) is necessary and goes beyond the present analytic analysis. Nevertheless, from Eq. (29), thanks to the finite value of l(E k ) at T = 0 K, the finite σ 1s (ω) at low temperature when ω < 2∆ 0 is unlikely changed even in the dirty limit. In addition, due to the existence of (26)], the crossover point at ω = 2∆ 0 (T ) can also be obtained in the dirty limit.
Moreover, as mentioned in the introduction, the MB theory derived from anomalous-skin-effect region is excessively used in the literature 10, 11, [13] [14] [15] [16] [17] [18] [19] [20] to fit the experimental data in the normal-skin-effect region where the scattering effect dominates. Nevertheless, as shown by the dotted curve in Fig. 1, at 21 , is too small in comparison with the finite experimental observation 10, 11, [13] [14] [15] [16] [17] [18] [19] [20] . Therefore, such an unphysical fit underestimates the upturn of σ 1s (ω) below 2∆ 0 particularly at low temperature, and hence, is incapable of capturing the experimental findings [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . = 0.6∆00 with ∆00 denoting the order parameter at zero temperature; σ1n(ω) = σ 0 e 0 ω 2 τp . Other parameters used in our calculation are listed in Table I . The black dotted curve denote the results from the MB theory, in which we artificially set σ1n(ω) = 4σ 0 e 0 ω 2 τp . The inset shows the temperature dependence of the superconducting order parameter ∆0 to confirm the crossover point in the frequency dependence of σ1s(ω).
Second-order response: excitation of Higgs mode
We next investigate the second-order response of the Higgs mode. The second-order GIKE is written as
from which ρ 2ω k can be analytically solved at the relatively weak scattering.
Substituting the solved ρ 2ω k1 into Eq. (15), the secondorder response of the Higgs mode can be self-consistently derived (refer to Appendix D):
where
It is noted that in the absence of the scattering (i.e., Γ 0 = 0), Eq. (35) exactly reduces to the clean-limit one revealed in our latest work 70 . As seen from Eq. (35), γ H from the scattering causes the broadening of the Higgs-mode spectrum whereas s H represents the second-order optical absorption through the scattering. The existences of s H and γ H result in an imaginary part in the second-order response of the Higgs mode, and hence, lead to a phase shift in this response. The magnitude A 2ω H (ω) and phase shift φ(ω) of the second-order response of the Higgs mode δ|∆| 2ω = A 2ω H e iφ(ω) are plotted in Fig. 2(a) and (b), respectively. As seen from Fig. 2(a) , the magnitude of the second-order response of the Higgs mode exhibits a resonant peak at 2ω = 2∆ 0 (T ), in consistency with the experimental observation [48] [49] [50] . Moreover, it is also found from Fig. 2(b) that the phase shift φ of this second-order response exhibits a π-jump at ω = ∆ 0 (T ). This is natural since from Eq. (35), the real part of δ|∆| 2ω at the weak scattering is proportional to (ω 2 − ∆ 2 0 ) −1 whereas the imaginary one is proportional to (
Very recently, thanks to the advanced pump-probe technique, a π-jump of the phase shift has been experimentally observed at ω = ∆ 0 (T ) in the second-order optical response of the disordered high-T c cuprates-based superconductors 53 . So far, the origin of this jump is still controversial due to the complexity in the high-T c superconductors. Whereas in the present work, we point out that the π-jump of the phase shift of the second-order optical response, which origins from the scattering effect, can also be realized in the conventional superconductors. . Γ0 = 0.6∆00. Other parameters used in our calculation are listed in Table I .
B. Free decay
In the previous subsection, we have investigated the response of the superconducting states during the optical pulse. In this part, we focus on the situation of the temporal evolution of the optically excited collective modes after the optical pulse.
Simplified model
The GIKE after the optical pulse is written as
The density matrix is given by
where δρ k denotes the part deviated from the equilibrium state due to the optical excitation. The fluctuations of the amplitude (i.e., δ|∆|) and phase (i.e., µ eff ) of the order parameter can be obtained from Eqs. (15) and (16), respectively. It is noted that in Eq. (39), the second term on the lefthand side causes the coherent oscillation of the density matrix whereas the one on the right-hand side provides the scattering. In this circumstance, as established in the semiconductor optics 76 and spintronics 77 , Eq. (19) as a clean-limit solution of Eq. (39), can be safely used into Eq. (18) as the Markov approximation to further derive the scattering terms. Then, the scattering, irrelevant of the optical frequency, is given by
Since only the isotropic part of the density matrix in the momentum space survives the summation in Eqs. (15) and (16), i.e., contributes to the calculations of the amplitude and phase of the order parameter, we neglect the anisotropic part in δρ k . Then, considering the fact w kk ′ | ξ k =−ξ k ′ = 0, the scattering term in Eq. (41) is simplified after the summation of k ′ , and the GIKE becomes
Particularly, it is pointed out that Eq. (42) in the Anderson pseudospin picture 64 is written as
where b k = (∆ 0 +δ∆, 0, ξ k +µ eff ) and s k = (ρ k1 , ρ k2 , ρ k3 ) denote the Anderson pseudo field and spin, respectively; a 1 = (0, 1, 0) and a 2 = (ξ k /E k , 0, −∆ 0 /E k ) are two transverse directions to the equilibrium-state pseudo field b 0 k . It is noted that in Eq. (43), the second term on the left-hand side of the equation causes the coherent precession of the Anderson pseudospin, exactly same as the one in the previous works [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] . The terms on the righthand side come from the scattering, which provide the relaxation of the non-equilibrium states. Particularly, since s We point out that in the present work, the relaxation terms on the right-hand side of Eq. (43), exactly come from the microscopic scattering, differing from and going beyond the previous phenomenological relaxation in the Anderson pseudospin picture mentioned in the introduction 52, 53 . In fact, the previous phenomenological relaxation mechanism, without the microscopic origin, is not exact and convincing. Specifically, in Ref. 52 , in analogy with the real spin precession, the longitudinal and transverse relaxation processes, which describe the damping of the components of δs k along and perpendicular b 0 k , are introduced into the Anderson pseudospin picture through the phenomenological relaxation time. Nevertheless, one finds that the longitudinal component of the pseudospin
Since the diagonal δρ q k3 is related to the quasiparticle distribution, the longitudinal relaxation process [i.e., terms like (δs k ·b 0 k )] directly describes the damping of the quasiparticles in which only the inelastic scattering contributes and the elastic scattering makes no contribution at all. Hence, in superconductors, considering the weak inelastic electron-phonon scattering at low temperature, the longitudinal relaxation process is marginal and only the transverse ones [i.e., terms like (δs k · a 1 ) and (δs k · a 2 )] play the important role. Particularly, there is no reason for the two transverse relaxation processes, which provide the dampings of the two collective modes separately as mentioned above, to share the same rate. Most importantly, since δs z k is related to the density fluctuation [i.e., δn = k δs z k = 0 from Eq. (7)], as a consequence of the charge conservation, the relaxation terms should not have any component along z direction. All above features, unsatisfied in Ref. 52 , are well kept in our relaxation terms in Eq. (43) , thanks to the microscopic scattering in the GIKE.
Damping of Higgs mode
By taking the optical response of the density matrix δρ k (t = 0) = ρ ω k + ρ 2ω k , we first perform the numerical calculation to self-consistently solve Eq. (42) with Eqs. (15) and (16) . Then, the temporal evolution of the Higgs mode δ|∆|(t) and NG mode µ eff (t) can be selfconsistently obtained. We focus on the measurable Higgs mode in this part. The study of the NG mode is addressed in Appendix F.
The temporal evolution of the Higgs mode after the optical pulse is plotted in Fig. 3 at different scattering rates. As seen from the figure, δ|∆|(t) exhibits an oscillatory decay behavior, in consistency with the experimental observation [47] [48] [49] [50] 52, 53 . The frequency of the oscillation is around 2∆ 0 , in agreement with the energy spectrum of the Higgs mode. Moreover, it is also found that the damping of δ|∆|(t) shows a monotonic enhancement with the increase of the scattering rate.
To further understand the temporal evolution of δ|∆|(t), we analytically derive the solution of Eq. (42) by first transforming Eq. (42) into the quasiparticle space through the unitary transformation ρ Table I . under a weak excitation (i.e., small δρ k ), one has (44) whose components are written as
k3 . An exact solution from above equations is difficult. However, at the weak scattering, similar to the ElliotYafet mechanism in the spin relaxation of the semiconductor spintronics 77 , the coupling terms between ρ q k3 and ρ q k± in Eq. (47) can be effectively removed through the unitary transformation as the Löwdin partition method showed 80 . Then, ρ q k (t) and hence ρ k (t) can be solved (refer to Appendix E). Consequently, from the gap equation [Eq. (15) ], the temporal-evolution equation of the excited Higgs mode is given by:
The coefficients c ki are determined by the initial optical excitation:
As seen from the right-hand side of Eq. (48), the first term is related with the initial optical excitation; the last two terms show the oscillatory decay with the time evolution, and hence, directly lead to the oscillating damping of δ|∆| with the relaxation rate proportional to Γ 0 . By artificially removing these last two terms in Eq. (48), one finds that the left equation can be writ-
δ|∆|. Therefore, the second term on the right-hand side of Eq. (48) also causes the damping of δ|∆| with the relaxation rate proportional to Γ 0 . Consequently, the relaxation rate of the Higgs mode can be monotonically enhanced by increasing the impurity density, similar to the Elliot-Yafet mechanism in the spin relaxation of the semiconductor spintronics 77 . Comparisons between the analytic solution [Eq. (48) ] and full numerical results are plotted in the insets of Fig. 3 . As seen from the insets, the results from the two sets of calculations agree well with each other, which justifies the above analytic analysis based on Eq. (48).
IV. SUMMARY AND DISCUSSION
Within the GIKE approach, we analytically investigate the influence of the scattering on the optical response of superconductors in the normal-skin-effect region (l < δ) under a multi-cycle THz pulse. Two extreme situations: during and after the pulse, are considered with a careful implementation of the Markovian approximation for the microscopic scattering. During the pulse, the multi-cycle optical field with the stable phase and narrow frequency bandwidth as applied in recent experiments 53 , exhibits the continuous-wave-like behavior. Then, response of the density of matrix, as the solution of the free GIKE in superconductors, is forced to oscillate with the multiples of the optical frequency. Consequently, due to this forced oscillation, the optical frequency is involved in the energy conservation of the scattering after the Markovian approximation. Whereas after the optical pulse, the system is free from the optical field, and the density of matrix in this situation exhibits the free coherent oscillation in the clean limit. Then, after the Markovian approximation, the energy conservation of the scattering, irrelevant of the optical frequency, is obtained. Study in this situation reveals the relaxation mechanism of the optically excited non-equilibrium states. Rich physics in both extreme cases is revealed.
Specifically, during the pulse, responses of the superconductivity in linear and second-order regimes are studied. In the linear regime, we analytically derive the optical conductivity from the GIKE at the weak scattering (l > ξ). We show that by taking T > T c the optical conductivity from our theory obtained at T < T c exactly recovers the one in normal metals as the Drude model or conventional Boltzmann equation revealed. To the best of our knowledge, so far there is no theory in the literature that can rigorously make this recovery. Whereas in the superconducting states at T < T c , we find that the optical absorption σ 1s (ω), which origins from the scattering, always exhibits a finite value even at low temperature when ω < 2∆ 0 , in contrast to the vanishing σ 1s (ω) in the anomalous-skin-effect region as MB theory revealed 21 . Particularly, with the decrease of the frequency from ω ≫ 2∆ 0 , σ 1s (ω) first increases and drops abruptly around 2∆ 0 . By further decreasing ω below 2∆ 0 , an upturn of σ 1s (ω) is observed, leading to a crossover point at 2∆ 0 . So far, both the upturn of the finite σ 1s (ω) below 2∆ 0 and the crossover point at ω = 2∆ 0 (T ) in σ 1s (ω) have been observed in disordered type II superconductors, as experiments in Nb 10,11 , NbN 18 , MgB 2 9,12,13,19 , NbTiN [14] [15] [16] and Al 17,20 superconductors performed. Nevertheless, these experiments lie in the dirty limit (l < ξ) where our analytic derivation is inadequate to make the quantitative fit. Further experiments in type II superconductors at the relatively weak scattering (δ > l > ξ) are called for.
As for the second-order regime, we study the response of the Higgs mode. We show that the scattering causes a phase shift in this second-order optical response. Particularly, we find that this phase shift exhibits a significant π-jump at ω = ∆ 0 , which provides a very clear feature for the experimental detection. Recently, thanks to the advanced pump-probe technique, a π-jump of the phase shift has been experimentally observed at ω = ∆ 0 (T ) in the second-order optical response of the disordered high-T c cuprates-based superconductors 53 . The origin of this jump is still controversial. Whereas our present work suggests that the π-jump of the phase shift in the secondorder optical response can also be realized in the conventional superconductors by the scattering. Study after the optical pulse reveals the relaxation mechanism of the optically excited collective modes. In this situation, based on the complete GIKE, a simplified model with the damping terms in the Anderson pseudospin picture is proposed. The damping terms in this model exactly come from the microscopic scattering, differing from and going beyond the phenomenological relaxation mechanism in the previous works 52, 53 . Particularly, both the charge conservation and the unique feature of the dominant elastic scattering in superconductors: vanishing longitudinal relaxation process, are kept in our relaxation terms, in sharp contrast to Ref. 52 . Then, by studying the damping of the Higgs-mode excitation, we reveal a relaxation mechanism due to the elastic scattering, which shows a monotonic enhancement with the increase of the impurity density. In addition, we also investigate the damping of the NG mode. It is shown that in the conventional BCS superconductors, the damping of the phase fluctuation (NG mode) is much faster than that of the amplitude fluctuation (Higgs mode) of the order parameter. Appendix A: Derivation of Eq. (25) In this part, we derive Eq. (25) . From Eq. (18), one has
in which
k is used. The n-th order of above equation during the optical response is written as
Similarly, one also finds
Consequently, Eq. (25) 
One also has
Appendix B: Derivation of Eqs. (32) and (33) We derive Eqs. (32) and (33) 
Then, with the explicit expression of Y 0 kk ′ in Eq. (A4), the above equation becomes
in which we have taken care of the particle-hole symmetry to remove terms with the odd orders of ξ k and ξ k ′ in the summation of k and k ′ . After the mathematical integral, above equation becomes
Consequently, the optically excited current j in the linear regime and hence the optical conductivity σ s (ω) = σ 1s (ω) + σ 2s (ω) are derived.
Appendix C: Optical conductivity at T > Tc
We give the optical conductivity at T > T c . In the normal state at T > T c , with ∆ 0 = 0, one finds that l(E) = −∂Ef (E) and
Then, thanks to the constant density of states in normal states, Eqs. (32) and (33) become
which are exactly the optical conductivity in normal metals as the Drude model or conventional Boltzmann equation revealed.
Appendix D: Derivation of Eq. (35) We derive Eq. (35) in this part. Following the approach in our previous work in the clean limit 70 , the solution of ρ 2ω k from Eq. (34) in the presence of the scattering is written as
denotes the τ i component of the scattering term ∂ t ρ k | 2ω sc ; A k , B k and S c k are given by
The scattering term ∂ t ρ k | 2ω sc [Eq. (25) ] reads:
At the weak scattering, by substituting the clean-limit solution of ρ 2ω k into the scattering terms as the first-order iteration, Eq. (D7) becomes
Then, ρ 
where C k is given by
.
Here, we have taken care of the particle-hole symmetry to remove terms with the odd orders of ξ k and ξ k ′ in the summation of k and k ′ ; we also take η k in ρ ω k [Eq. (30)] as its average valueη k in the momentum space. Then, after the mathematical integral, Eq. (35) is obtained.
Appendix E: Solution of Eq. (44) In this part, we analytically solve Eq. (44) . Considering the weak scattering, we only keep zeroth and first orders of the scattering strength Γ 0 in the following derivation. Similar to the Elliot-Yafet relaxation mechanism in the semiconductor spintronics 77 , following the Löwdin partition method 80 , through a unitary transformation 
Eqs. (45)- (47) become
from which δρ s k can be directly solved: T , one has
Finally, substituting Eq. (E7) into Eq. (15), by taking care of the particle-hole symmetry to remove terms with the odd order of ξ k in the summation of k, one obtains
where the phase shift φ k = ∆ Table I .
b. Damping of NG mode
After the pulse, by numerically solving our simplified model in Sec. III B 1 [Eq. (42) with Eqs. (15) and (16)], the temporal evolution of the optically excited NG mode is plotted in Fig. 4 at different scattering rates. As seen from the figure, the NG mode µ eff (t) = ∂ t θ(t), i.e., the phase fluctuation, after the optical excitation exhibits an oscillatory decay behavior. The oscillating frequency is around 2∆ 0 , and the damping shows a monotonic enhancement with the increase of the scattering rate.
Substituting the analytic solution of δρ k2 [Eq. (E8)] into Eq. (16), by taking care of the particle-hole symmetry to remove terms with the odd order of ξ k in the summation of k, the analytic solution of µ eff (t) is derived:
As seen from Eq. (F4), terms on both the left-and right-hand sides show the oscillatory decay with the time evolution, and hence, directly lead to the oscillating damping of µ eff (t) with the relaxation rate proportional to Γ 0 . Therefore, the relaxation rate of the NG mode can be monotonically enhanced by increasing the impurity density, similar to the study of the Higgs mode 
